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Abstract 

We study supergravity solutions representing D3-branes with transverse 6-space 
having Rx S'^ x S"^ topology. We consider regular and fractional D3-branes on a nat- 
ural one-parameter extensions of the standard Calabi-Yau metrics on the singular 
and resolved conifolds. After imposing a Z2 identification on an angular coordi- 
nate these generalized "6-d conifolds" are nonsingular spaces. The backreaction 
of D3-branes creates a curvature singularity that coincides with a horizon. In the 
presence of fractional D3-branes the solutions are similar to the original ones in 



hep-th/0002159, bep-th/0010088: the metric has a naked repulson-type singularity 
located behind the radius where the 5-form flux vanishes. The semiclassical be- 
havior of the Wilson loop suggests that the corresponding gauge theory duals are 
confining. 



*Also at Lebedev Institute, Moscow. 



1 Introduction 



One fruitful approach to generalize the original AdS/CFT correspondence 0] to more 
"realistic" gauge theories with less supersymmetries is based on considering D3-branes 
on conifold singularities [0, 0, ^, |^. To get non-conformal theories one may add 0] 
"fractional" [§] D3-branes. 

Recently, exact supergravity solutions representing such configurations were constructed 
with the 6-d space transverse to the D3-brane being a conifold 0, its deformation [|10| 



and its resolution [11 



The deformed conifold and resolved conifold [|TI] backgrounds are two different 
(deformation e and resolution a) one-parameter generalizations of the conifold one. 
The three solutions coincide for large values of the radial coordinate p, or in the UV 
in the language of gauge theory duals. However, the small-distance or IR behavior is 
different in each case. In particular, the conifold and the resolved conifold solutions have 
naked singularities at finite p, while (a special case of) the deformed conifold solution is 



regular 10 



In view of the interest of these solutions both from the supergravity and the gauge 
theory points of view (see [0, [T^, |TB|, [T^, |T^, |TP|, ^ for some recent related 
work) it is important to study their various generalizations. That may help to clarify 
which of their features are truly universal, in particular, regarding singularities and IR 
behavior. 

Here we shall point out that there exists a very natural one-parameter extension of 
the three solutions of ||^, 10, 11]. The key observation is that the most general Ricci-fiat 
Kahler 6-d metrics on the three conifolds |2^, (with non-trivial dependence on radial 



direction only) contain |TT|, one extra parameter (called b below). This parameter 
was set equal to zero in the previous discussions of D3-branes on conifolds. [| These 
metrics have the same Rx S"^ x topology as their 6 = limits, in particular, they again 
allow introduction of fractional 3-branes (D5-branes wrapped over 2-cycle). For b ^ 
the conifold and resolved conifold metrics have regular curvature; it is possible to remove 
their bolt-type singularity by imposing a Z2 identification on the coordinate of the U{1) 
fiber thus obtaining non-singular 6-d metrics. In contrast, the b ^ generalization of the 
(regular) deformed conifold metric [^, has a curvature singularity at the origin. 

As was shown in |jl^, for any zero or non-zero value of b these 6-d metrics preserve 
the same fraction (1/4) of type II supersymmetry, so that the corresponding D3-brane 



solutions should also have [|l^, [13[ the same amount of supersymmetry as the solutions of 



When 6 7^ 0, the "standard" (no 3-form flux) D3-brane on the conifold solution has 
the small p limit which is no longer AdS^ x T^'^ as was in the standard 6 = case Q]. 
As a result, the conformal invariance is broken and 6 plays the role of a "mass scale". An 
interesting feature of these solutions is that they have a curvature singularity coinciding 

^For b the conifold metric is no fonger that of a cone over T^-^. 

^Preservation of supersymmetry is obvious for the pure D3-brane solutions. For the fractional D3- 
branes, it was claimed in 0, ^ that the resolved conifold solution of breaks all supersymmetry. 
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with the horizon at p = b, like in the "standard" {b = 0) resolved conifold case discussed 
in (where the singularity and the horizon were located at p = 0). 

Including fractional D3-branes changes the situation radically. As in the conifold [^] 
and the resolved conifold [|ll[] cases there is a naked singularity of a repulson type ^7 



located behind the "zero-charge" (F5 = 0) locus. The gauge theory interpretation of these 
solutions should probably go along the lines of the discussion in [^. It would be very 
interesting to understand the meaning of the parameter b on the gauge theory side. 

Since the simplest (though non-supersymmetric [Q) Ricci fiat 6-d space with the 
same topology R x S'^ x is the cone over T^'° = S"^ x S^, we shall, for comparison, 
consider also the corresponding D3-brane solution. 

In section 2 we shall present the explicit form of the Ricci-flat metrics with the R x 
S'^ X topology referred to above. In section 3 we shall construct the generalizations 
of the standard D3-brane solution |2^, |26| to the case when the transverse 6-d spaces are 
the generalized (6 7^ 0) standard, resolved and deformed conifolds. 

The fractional D3-brane solutions which are the 6 7^ analogs of the conifold and 
resolved conifold backgrounds of [P, |ll| will be found in section 4. In section 5 we shall 
study, following |2^, the energy of a static fundamental string (with both ends at the 
"boundary" p = 00) in these backgrounds and argue that the corresponding Wilson loop 
has confining (area law) behavior. This conclusion seems robust since the "bent" string 
does not reach the singular region. 



2 Ricci-flat metrics with topology R x S'^ x 

One natural way to construct Ricci fiat spaces of topology R x x is to consider 
cones over Einstein spaces with topology S"^ x S^. Examples of the latter are T^'^ (su- 
persymmetric) and T^'" (non-supersymmetric). In what follows we shall start with these 
simplest examples and consider their natural generalizations. 



2.1 Cone over x 5^ 

T^'*^ is not only x S"^ topologically, but geometrically too. The resulting 6-d Ricci-fiat 
metric is (the radii of the two spheres are adjusted to make the whole space Einstein one) 

dsl = dp' + /[^ (ej^ + el + ejj + ^ {el + ejj ] , (2.1) 

where the vielbein is 

ee^ = d6i, e^^ = sin6id(j)i, e^^ = dipi + cos6id(j)i . (2.2) 



2.2 Conifold 

The standard conifold metric, i.e. the metric of the cone over T^'^ 



^Jim2^ is [0, 



dsi 



dp^ + p^ 



(2.3) 
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where ee^ and e^. are the same as in ( |2.2| ) and 

= dip + cos Oidcpi + cos 6*2^02 • (2.4) 

To get a more general class of Ricci flat metrics on the conifold let us recall some basic 
relations from p2|, [11], |16| (where further details and notation may be found). The 
conifold can be described as a quadric in C^: 2^=1 i^i = 0, or a solution of detW = 0. 
In terms of the 2x2 matrix W and the potential K the Kahler metric on the conifold is 
(r2 =tr(WtW) = Eti kip) 

ds^ = K'tT{dWUW) + K"\tT{WUW)\^ (...)' = 4^{...) . (2.5) 

dr^ 



The Ricci tensor for a Kahler metric is Rpq = —dpdq\n.deig, where for the metric in ( p.5| ) 

detg = -l-{K'fr\K' + r^K") . (2.6) 
The Ricci-fiatness condition implies 

[{r^K'f] = 2r2 , (2.7) 

which is integrated to give 

{r^K'f = r^ + c. (2.8) 

We shall assume that the constant c is non-negative to avoid a curvature singularity at 
finite r. 

The conifold metric (^.51) then is PI 
ds 



' = \{c + rr"W + \r%) + hc + r'fl^el + + el + ejj . (2.9) 



For c > 0, writing the metric in terms of z = ^r^ we get near r = 



2 

2_0/Q/,0 OOx 1 



{ds\-.o = \c-^l\dz' + z^el) + -//\el + + + ejj . (2.10) 



Thus (i) near the apex (r = 0) the 2-cycles stay finite, and (ii) it is possible to avoid the 
conical curvature singularity at r = by changing the range of ip from the original one 
[0,47r) to [0,27r). 

The generalized conifold with 6 7^ ( p.9|) is the 6-d analogue of the Eguchi-Hanson 
metric pO[ where to avoid the singularity one is to change S^/Z2 = P^. Here 

i/j is the coordinate of the fiber of the U{1) bundle over S"^ x S"^. Taking ip G [0, 27r) 
one finds that for large r the space is now the cone over T^'^/Z2; this is an example of 
asymptotically locally Euclidean metric. 

■^The coordinate r here was denoted p in |16|. 



3 



To establish the analogy with the Eguchi-Hanson metric more explicitly let us define 
the constant 6 > by 

c-(^&Y, (2.11) 
and introduce the new radial coordinate p through the relation 

p^ = [lr'K'{r)f = {^fr' + h'. (2.12) 

Since < r < oo the range of variation of p is b < p < oo. 
The metric ( |2.5|) , (|2.9|) then becomes 



dsl = K-\p)dp^ + ^K{p)p^el + ^p^ [el + el^ + + ejj , (2.13) 

where 

«:(p) = l-^. (2.14) 
Note that < k < 1. The analysis of this metric follows closely that of the Eguchi-Hanson 



metric in j^O], |31|]. It is straightforward to establish that this Ricci-flat metric does not 
have any scalar curvature singularity, e.g., RijkiR^^^^ = 96p~^^(p^^ + 206^^) is finite for 
0<6<p<oo, so that introducing the parameter b smoothens the curvature singularity 
of the original conifold metric. In that sense the 6-generalized conifold introduced above 
may be called "regularized conifold" (by analogy with resolved and deformed conifolds 
which also contain an extra parameters eliminating the curvature singularity). 

The point p = 6 is a removable bolt singularity, as can be seen by introducing the 
coordinate = ^p'^K^p) and considering the p b limit. 

2.3 Resolved conifold 

Following [^, |rT|, one finds the analogous one new parameter (6) extended metric on 
the resolved conifold (cf. (|2.13| )) 

ds' = K-\p)dp' + ^^{p)p'el + ^p' {el + ej J + ^(p' + Ga') (e^ + ejj . (2.15) 
Here a is the resolution parameter and 

p2 



For a = this metric reduces to the above conifold metric ( p.l3| ),( p.l4[ ). For p much 



greater than any of the two length scales a and b we get the standard conifold metric 
T3D. 
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The coordinate p and the original coordinate < r < oo of the conifold (see |TT|, |T 
are related according to (cf. (p.l2|) ) 



2 A 



(2.17) 



The range of p is thus Pq < p < oo, where po = Po{cL,b) > corresponds to the apex 
r = 0, i.e. is the solution of pi + Qa^p^ — = which is positive and becomes zero when 
6 = 0.0 We shall assume again that ip G [0, 2tt) to avoid the conical bolt singularity at 
P = Po- 

The curvature invariants for the metric ( |2.15| ) are regular (unless both a and b are 
zero when we get back to the original singular conifold metric ( |2.3| )). In particular, 



96 



pl2(p2 + Q^2^ 



6^^(5184a^ + 4320aV + 1440aV + 240a>^ + 20p' 



+ 1446''aV " + p'l6480a« + 2160aV' + 360aV + 30a>'' + p' 

which is non-singular at p ^ po (for a = this expression reduces to the one conifold one 
given at the end of the previous subsection, and for 6 = it givbes the curvature invariant 



for the resolved conifold metric of 111 



To understand the short-distance p ^ po (?" — ^ 0) behavior of the 6 7^ resolved 
conifold metric we introduce as in (|2.10| ) the coordinate z = thus getting 



6a2 



dz' + z'el) + ^pl{el+el^) + ^{pl+6a'){el+el) . (2.18 



For fixed 6i and (pi the metric is thus proportional to dz'^ + z'^dtp'^, so that to avoid a 
conical singularity we need again to apply a Z2 identification to ip & [0,47r). f\ 

The short- distance limit of the 6 = resolved conifold metric (which is to be considered 
separately as po = for 6 = 0) is |[Tl| (p^ ; 



3 ^2 ^ 
8aF 



2 1 1 

2, ^2/ 2, 2 I 2\|/2|-'^ 2\/ 2 I 2 

-dp + -p (e^ + + e^J + [a + -p ){ee^ + e^^ 



(2.19) 



This metric has regular curvature invariants, e.g., {RijkiR^^^'')p^o illustrating that 

the parameter a 7^ indeed resolves the curvature singularity of the standard conifold. 



^Explicitly, pI = 9aV-i/-^ + ly^/^ - Sa^, where = 5 - 540^ + - 108f^] (see g |T|). 

^Note that in the p ^ po limit the metric is topologically the same as that of the generalized conifold 



( 2.10 ), i.e. X S*^ X 5^, but geometrically the two metrics are different (e.g., the radii of the two 
2-spheres spanned by are different). 
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2.4 Deformed conifold 

The 6-parameter family of metrics on the deformed conifold is found in a similar way 
P^ , |23| , |16|, |lT|. Using the basis of |^ the metric can be written as {g^ = e^) 



1 1 

dsl = K-^{p)dp^ + -K{p)p^el + -p^ 



I J.2 — g2 
J.2 _|_ g2 



{9l + 9l) + 



1^2 + e2 



(2.20) 



where p is related to r according to (cf. (gl2D , (^T7D ) 



P 



1 7 7 In 



^4 ^4 



+ 1^ 



{2.21] 



and (cf. 



o 4 4 Lb 



(2.22) 



Since e < r < oo we have b < p < oo. This metric reduces to the generalized conifold 
metric (|2.13| ) for e — > 0. For r greater than any of the two length scales b and e, it becomes 
the standard conifold metric (p73|). 

It is useful also to present the deformed conifold metric in terms of the radial coordinate 
r used in [g3|, |10|, ^ 



= cosh r 



p' = (^)'e1^sinh(2r)-r]+6^ 



< r < oo 



dsi = -/C 



(3/C^)-ie^(rfr^ + gi) + sinh^f (^?f + g^) + cosh^f (^^3^ + gi) 



(2.23) 
(2.24) 



where 



[c+ie4(sinh(2r)-2r)]i/3 2 



sinh r 



p^(sinh' 



3l6 



For large r we again get the standard conifold metric, while for small values of r we get 
(for 6^0) 



ids)l^o = ^^,Adr^ + 9l) + ^rigf + gj) + ^^r-\gl + gl) 



(2.25) 



or, in terms of p ^ b 



(2.26) 

where for k = Kp^i, = [(|)^e'^]"^'^^ ~V ^ ^ 0. Note that the volume of the 2-cycle {gi, (72) 

shrinks to zero, while volume of the 3-cycle {g^,-, 94-, Qb) stays constant {=jj^)- This metric 
has a curvature singularity at r = for any 6 7^ 0. 
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For comparsion, the small r limit of the standard 6 = deformed conifold metric is 



23, 10 



,1/3 



12' 



i(rfr2 + + gl + gl + lr2(^?2 + 



and is regular at r = 0. Indeed, computing the curvature invariant Rij^iR^^'^'' for the 
general form of the metric (|2.24|) and then expanding it near r = (i.e. r = e) one finds 
a singular expression for 6 7^ PI 



5120 6^ 1 



9e8 rs 

and a regular expression for 6 = 0: 

192 ■ (18)^/3 



l-4^2 + ^r3 + 0(r^) 
15 466 ^ ' 



5e8/3 



5 525 ^ ^ > 



2.5 Remarks 



The three one-parameter families of the Ricci-fiat metrics presented above (|2.13|) , (|2.15| ) 
and ( 2.20|) are the most general solutions (with non-trivial dependence on the radial 
coordinate only) for Ricci-flat metrics on respective conifolds |jll], |l^. As was shown in 
||16|| , they define supersymmetric backgrounds of type II supergravity. This is in contrast 
to what happens in the case of the metric of a cone over x S"^ (p.l|) which breaks all 



supersymmetries and thus may lead to unstable D3-brane solutions. 

The analogy with the Eguchi-Hanson metric elucidates the geometrical meaning of 
the "mass" parameter 6. From the perspective of dual gauge theories associated with D3- 
brane solutions on these generalized conifolds which will be discussed below this parameter 
should play the role of an IR "mass" or "confinement" scale. 

A feature of the conifold ( p.l3[ ) and the resolved conifold ( |2.15| ) is that near the apex 



(r = 0) the respective metrics effectively "factorize" into R x S* x S" part. This will 
have consequences for the structure of D3-brane solutions in the IR region. 

We have seen that while the 6 = conifold had curvature singularity at the origin, its 
6 7^ generalization has regular curvature (and have no conical singularity after changing 
the period of the angle The resolved conifold metric depending on two parameters 
(a, 6) is regular for all of their values except a = 6 = 0. Curiously, this is different 
from the situation for the deformed conifold: while the standard 6 = deformed conifold 
metric was regular (with the parameter e playing the role of the "cutoff'), its 6 7^ 
generalization has a curvature singularity at the origin r = e. This implies, in particular, 
that one is unlikely to find a direct 6 7^ generalization of the regular fractional D3-brane 
on deformed conifold solution of |T0[ (which is thus a very special point in the parameter 
space of solutions). For that reason in what follows we shall mostly concentrate on the 
resolved conifold case. 



^Here p and b have canonical length I dimensions while r ^ P^"^, e ~ l"^^^, t ^ l^. 
leading term in the expression below is what one finds directly from the metric ( 2.25| ). 



Note that the 
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Finally, let us note that the conifold solutions discussed above can be derived as special 
cases of the following "interpolating" ansatz for 6-d metric (see ||16|| ) 



dsl = e'^-^'^du' + e^^-[e\el + ejj + e~^(e1 + ej)] + e-^^'^ej , (2.27) 

where ei = ei — a{u)egj^, €2 = €2 + a{u)e^-^, ei = sin sin 6*2^02 + cos4'd92, £2 = 
cos?/' sin ^2<^02 — smipd92, and e6ij,e<^j,e^ are as in ( p.2|) , (|2.4|) . Resolved and deformed 



conifold metrics are special cases of this ansatz |T6| corresponding to a = and = 1— e^^ 
respectively. The unknown functions x, z, g, a of the radial coordinate u representing Ricci- 
flat 6-d spaces are subject to equations following from the following 1-d action (plus the 
"zero-energy" constraint) 

^1 = 1 du[x'^ - z'^ - g'^ - e~^'o!^ - V{x, z, g, a)] , (2.28) 

V = ^e-^'[e^' + (a' - ife"^^] - 4e"+2" cosh g + a^{e-' - e^'+^'^-^y . (2.29) 
For the special cases corresponding to the resolved and the deformed conifolds one finds 



that this system admits a superpotential W [|TT|, i.e. V = —G^^^^, where g* 



{x,z,g,a), Gij = (1, — 1, — 1, — e ^^), so that one gets a first-order system g'* = G^^^. 
For example, in the resolved conifold case {a = 0) W = e~^cosh.g + e^^"*"^^'. It would 
be very interesting to find new solutions of the sytem ( p.28| ) representing 6-d Ricci-fiat 



spaces that "interpolate" between the generalized resolved and deformed conifold metrics 
discussed above, dd 



3 Pure D3-brane solutions 
3.1 General remarks 

As is well known, given a Ricci flat 6-d space with metric gmn, one can construct the 
following generalization of the standard []25| , ^ 3-brane solution (see, e.g., P, ^) 



dsl, = h-^/\y)dx^dx^ + h^'\y)g^n{y)dy'^dy'' , (3.1) 

F5 = (1 + *)dh'^ A dx^ A dx^ A dx'^ A dx^ , $ = const , (3.2) 
where h is a harmonic function on the transverse 6-d space: 

-^dm {V99"'''dnh) = . (3.3) 

In the case of a Ricci-fiat cone with the metric 

9mniy)dy"'dy'' = dp^ + p^^ij{z)dz'dz^ , (3.4) 
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one can choose h to depend only on p, thus getting the single-center solution 

h = ho + ^ . (3.5) 
P 

Here and below we assume that ho > 0. Then in the near-core region the space becomes 
AdS^ X X^, where is the Einstein space which is the base of the cone with the metric 
7jj. Particular examples are provided by the standard cone metrics ( p.l| ) and ( p.3| ) where 
X5 = r^i,o = s^xS^ and X^ = T^'\f\ 

In the general case when the transverse 6-space is not a cone, one will not find the 
near-core geometry having AdS^ factor and thus the dual gauge theory will have broken 
conformal invariance. 



3.2 Conifold case 



Let us determine the harmonic function h that solves 



for the generalized conifold 



metric ( |2.13|) assuming h = h{p). 

2L^ 



h = hn — 



64 



6 



In 



Using that 

p6 - 1 



9e = 
1 

71' 



sin^i sin ^2, 



— arctan 



2p^ + L 



P=T 



For 



^ ^ 1 we recover the standard metric of D3-branes on the conifold 



1 - J we get 



(3.6) 



I.e. 



For small values of p we get h 
2L\ fp 



h{p 



oo 



oo 



4 



h{p ^ h) 



1 



P 



^i = ^o + ^(v^vr + 31n-) 



(3.7) 



(3.^ 



Recalling from ( |3.1D that the 00-component of the metric is h^^^'^ we see that p = 6 is a 
horizon. It is also a curvature singularity. Thus, starting with R^'^ x where is 
the generalized 6 7^ conifold, the introduction of D3-branes creates a back reaction that 
transform the previously nonsingular point p = b into a curvature singularity coinciding 
with horizon. In contrast, for 6 = 00] the near-core geometry was regular - ^^5*5 x T^'^. 
This is similar to what was found for the D3-brane on 6 = resolved (a 7^ 0) conifold 
Below we will see that this behavior extends also to the case of the resolved 



m 
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conifold with 6 7^ 0. 

One of the generic features of D3-branes on the conifold and the resolved conifold is 
the logarithmic form of h{p) at small distances. The origin of this lies in the fact (noted 
in section 2.5) that for small p the transverse geometry becomes effectively 2-dimensional 
as far as the dependence on the radial coordinate is concerned, so that one finds the the 
harmonic function h has the "7-brane-like" log(p — po) structure. 

^Compactifications of IIB supergrativity on such were discussed in [|4| where it was pointed out 
that in the family of T^'^ spaces only T^'^ preserves supersymmetry. 
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3.3 Resolved conifold case 



Starting with the resolved conifold metric ( p.l5| ) and solving ( p.3| ) one finds the following 
expression for h{p) 



h = hn 



2L^ 



2\3 



6 p6 + 3g2p4 _ 1 



A 



arctan 



2p^ + (T. 
A ' 



(3.9) 



where as in ( p.6|) (po is the same as in section 2.3) 



Po 



PO=J, 



and for simplicity of presentation we have introduced the following constants depending 
on the ratio a/b 



q = a/3-, /3 = gV ^ + p-(f 
b 



P^[\{l-2q' 



l-4g6)]i/3^ 



a 



;(2/32 + 3g2/5 + /3-i), a = (5 + 2,q\ A = ^A^-^ - a^. (3.10) 



We have assumed that 1 — Aq^ > (the opposite case is discussed below) . 
The behavior for p — po is the same as in ( p.8| ) 

2L^ 



Hp Po) 



3ab^ 



ln(p-po) + 0(l) 



(3.11) 



i.e., as in the previous case, at p = po there is a horizon coinciding with curvature 
singularity. 

Compared to (|3.6|) here the function h contains another (resolution) scale a represented 
by the parameter q G [0, oo). Depending on the value of q, i.e. on the ratio of a and b, one 
may distinguish three regions: 6-dominated, intermediate, and a-dominated. The metric 
defined by ( |3.9|) , (|3.10|) is valid in the 6-dominated region where Aq^ < 1, i.e., b > 3^/^2^/^a. 
For g = (a = 0) we get back to the conifold case ( |3.(j| ) which should be viewed as the 
limiting case of the 6-dominated resolved conifold solution (|3.9|) . In the intermediate 
region, i.e. iq^ = 1 (this corresponds to A = in ( p.9|) , (|3.10|) ) we get 



ho - 



2L^ 



9a' 



+ In 



p^ - 3a' 
p2 + 6a2 



(3.12) 



where \/3a < p < oo. This metric also has a curvature singularity and the horizon at 
P = Po = V^a. In the a-dominated region Aq^ > 1, i.e. a > 3^^^'2^^^^b, we find 



h = hn 



2L^ 



9a4 



a 



6 p6 + p 



F,4 



/? + l 2p2 + a-A 
m 



A 



2p2 + a + A 



(3.13) 
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where0 



P 



P 



/3 = + - 1, /i = e^"/^[l - (2g^ 



iq 



l-(4g 



6W111/3 



a = + 3/3 + (g^/?)-^], a = /? + 3, A = - 4(g6/3)-i(3.14) 



This solution has the same generic logarithmic behavior near po? indicating the existence 
of a horizon and a singularity. 

In a-dominated expression (|3.13|) we are able to take g — > oo (6 ^ 0) limit to get back 
to the "standard" resolved conifold case. The function h in the metric of D3-branes on 
6 = resolved conifold found in iTll is 



'-6=0 



2L^ 
81^ 



9a 



9a2 



p^ 



(3.15) 



Again, here p = is both the horizon and the singularity. 



3.4 Deformed conifold case 



In the deformed conifold case ( |2.20[ ),( |2.21| ) the harmonic function h in ( p.lD is found to 
be 



33 



^4 _ g4 



(3.16) 



where the explicit form of r(p) in ( p.21|) is transcendental. For r ^ e we have = (2p^/3)" 



and therefore recover the D3-brane on the conifold metric with h = /io + "4 • For ^ 



(p — *• h) we get 



where ((isg)p^b is given by ( |2.2(j| ) and 
h = h^- h^p" + O(p^) , 



28/3^4 



h. 



35/352^4/3 



12 4 
2^1(3, 3; 3;!) 



(3.17) 



(3.18) 



and hi = ho + 0(|r). This MO case is different from the 6 = deformed conifold case 
T0| , p]T[] where p = was a horizon. Here for p ^ 6 the space factorizes into R^''^ x 



where has p = 6 as its curvature singularity. 



4 Fractional D3-brane solutions 

Let us now construct the 6 7^ generalization of the fractional D3-brane on resolved 
conifold solution of |ll|, i.e. the extension of the D3 brane solution of the previous 



^ Note that since = 1, the combination + ^ is always real so that /3, tr, A and a are always real 
and po is positive real root of the cubic equation. 



^Here .FiiH; ^ ^ 1.77. 
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section to the case of additional (self-dual) 3-form flux. The resolved conifold solution 
includes the conifold one as a special (a = 0) case. The first-order system corresponding 
to this background was already obtained in []rT|. It is straightforward also to construct a 



similar 6 7^ generalization of the solution |]T0| in the deformed conifold case (see [1TI|), 



but we shall not discuss the details of this here. 

For comparison, we shall start with a similar case of 3-branes on the cone over S"^ x S^. 
This solution was previously discussed in (see also [pO(|). 



4.1 5^ X cone case 

The 3-brane ansatz for the metric with transverse part given by (|2.1| ) is 



ds^ = h-^'^dx^dx^ + h^l^dp' + -p'd^ll + -o'^d^ll) , (4.1) 

8 4 

and the natural ansatz for the form fields is similar to the one in the conifold 0, |^ case 
B2 = f{p)ee2 A Hs = f'{p)dp A ee^ A e^^, 

= T + T = K(p)e^ A eg, A e<^, A ee^ A e^^ . (4.2) 

The 10-d duals of these fields are 

2l3/2j^ 

*T = —TT^dp A dx^ A dx^ A dx^ A dx^ , (4.3) 
p^h^ 

25/2p 

*F3 = — J^dp A dx^ A dx^ A dx^ A dx^ A eg^ A e^^ , (4.4) 

*H3 = ~ 25/2/^ '^^° ^ ^ '^^^ ^ A A eg^ A e^^ . (4.5) 

We shall assume that the dilaton $ is constant. Then the F3 equation of motion d{e'^ * 
F3) = F5AH3 is satisfied automatically, and from the H3 equation d{e~^ * H3) = —F5AF3 
one obtains the following equation (e* = gs) 



h J h^p^ 

The constant dilaton condition implies if| = e'^'^F^, i.e. using ( p.l3| ) we get pf = 
2^/2^,P. The Bianchi identity for the 5-form d * F5 = dF^ = H-^ A F3 gives K' = Pf, 
i.e. K = Q + Pf. The two linearly independent Einstein equations are a consequence of 
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As in H, the axion equation is satisfied automatically since H3 ■ F3 — 0. 
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this system of first order differential equations. The solution is thus very similar to the 
original conifold one 



/ 
h 



2^/2c/,Pln 



Po 



K = g + 2^/2^,p2 1^ 



Po 



29/2 

1^ 



Po 4 



1. 



(4.7) 



Note that as in 0, the complex 3- form = QgF^ + iH^ is selfdual in 6-d sense. Like 
the conifold solution [^], this solution has a naked singularity located at p = ph, Q + 
2^/^(7sP^(ln ^ + j) = 0, i.e. very close to the origin if the number of fractional D3-branes 
is small, Q ^ gsP^- In this case the singularity is behind the "zero charge" (K = 0) locus. 



4.2 Resolved conifold case 

The ansatz for the metric will be the same as in (|3.1| ), 

dslo = h-^/\p)dx^'dx'' + h^'^{p)dsl , (4.8) 

where ds^ will be the metric of the generalized 6 7^ resolved conifold ( p.l5| ). Our ansatz 
for the NS-NS 2-form will be as in i.e. a natural generalization of the ansatz in [^j 
motivated by an asymmetry between the two S*^ parts of the resolved conifold metric 

B2 = /i(p)e0i A e<^, + /2(p)ee2 A e^^ , 

H3 = dB2 = dpA [f[{p)ee, A e^, + f2{p)ee2 A e^^] . (4.9) 

The conifold case (a = 0) corresponds 3 to /i = —f2- The forms F3 and F5 will also 
have the same structure as in |P, |ll| (we follow the notation of [1TT| ) 

F3 = Pe^ A (602 A - ee^ A J , (4.10) 

F5 = T+*J^ , T = K(p)e^ A A e^, A e^^ A e^^ • (4-11) 



The rest of the discussion is essentially the same as in with k in the 6-d metric now 
being dependent also on h according to ( |2.16| ). 

Assuming that the dilaton $ is constant, the F3 equation of motion d[e^-^F-^ = 
is satisfied automatically, and from the equation (i(e~* * H^) = — -F5 A F3 one obtains 
the following three equations (e* = gs) 

fip^TV 32Ag,PK f f^p^V 32Ag,PK 

h J K^p^kT ' \ hV ) K^p^kT ' ^ ' ' 

f[ + T-'f^ = 0, T^^^, (4.13) 

P 
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where T is the ratio of the squares of the radii of the two spheres in the resolved conifold 
metric (|2.15|) . The constant dilaton condition imphes if| = e^*F|, i.e. 



2 rl2 



Combined with ( [4.13|) that gives 



/2 



:i + r 



(4.14) 



pnV " ~ pK 

The Bianchi identity for the 5-form d* = dF^ = A F3 imphes 

K' = P(/(-/^), i.e. K = Q + P(/i-/2) . 



(4.15) 



(4.16) 



As in to determine the metric function h{p) it is sufficient to consider the trace of 

the Einstein equations,^ R = -^Ah = j^{e-'^Hl + e*F|), i.e. 



h-'/'—d,{^rd,h) 



iM'Hl + g^Fl 



or 



pnV 



Integrating this we get 



h' 



108K 
P^kF 



(4.17) 



(4.18) 



(4.19) 



Plugging in the function k in ( |2.16| ) the system ( [4.15| ),( |4.19| ) of first-order differential 
equations can be directly integrated. 

Here we shall present the explicit form of the solution only in the a = limit, i.e. the 
6-generalized conifold case (|2.14|) . For a = one finds F = 1, implying /2 = — /i, and 



with K 



1 — -T- we obtain 



/i = -/2 = ^^7.Pln(/-l) + /o 



hn - 



+ 



64(p6 _ 1)2/3 



54Q 

,2 2 2 5 5 



2 ' F 



(4.20) 



iln(^ + ^(^-arctan^ 
6 p6-l V3 



3 

2 ^ '^3' 3' 3' 3' 3'";^^^■ 



^ /2 2 5 
+ 2^1(77,77; 77, 



3' 3' 3' p«-F 



ln(p6 - 1) 



(4.21) 

where p = f (cf. ( p.6|) ) and pFg is the hypergeometric function. 

^^More precisely, there are two linearly independent Einstein equations: one is the square of eqn. (4.13) 
and another, written above, can be expressed in terms of the first derivative of ( [4.13| ) using ( 4.16 ). 
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The large p behavior of h is 



h{p oo) = 



27 

7 



(4.22) 



i.e. this solution has the same UV asymptotic as the 6 = conifold one of 0. In the 
short- distance limit p — > 6 limit we have, to the leading order, 



h{-p 



r 



ho-^Hp -1)--^ 



ln^(p- - 1) 



(4.23) 



At p/i ~ 1 + e ^YiQ solution has a naked singularity of a repulson type. The "zero 

charge" locus (K = 0) is located at pk = 1 + e"*^/*^^^^ i.e. pk > Ph- 



We can thus conclude, based on the analysis in p (6 = a = 0), in |TT| (6 = 0, a 7^ 0) 
and here (a = 0, 6 7^ 0), that generically fractional 3-branes on the conifold and resolved 
conifold have a repulson-type naked singularity which is located behind the "zero-charge" 
locus. 



5 Wilson Loop behavior 



Let us now investigate, following the behavior of the Wilson loop corresponding 

to "quark-antiquark" potential in the dual gauge theory. It is given by the exponential 
of the classical fundamental string action in these D3-brane backgrounds evaluated for a 
static configuration of open string ending on the probe D3-brane placed at the "boundary" 
p = 00. 

We will show that one gets an area law (confining) behavior for the "pure" D3-brane 
backgrounds of section 3, assuming at least one of the scales of the transverse space is 
kept non-zero. This is different from what is found in the standard conifold case 0] where 
the near-core geometry has AdS^ factor and thus the potential is Coulombic as in E7\, EB 



l^in the single-center well as in the multicenter case |^ 



For simplicity, we shall consider only the D3-brane background with the resolved 
conifold as the transverse space. The corresponding metric (|2.15|) , (|3l^ ) depends on the 
two scale parameters b and a. Expressed in terms of p = p/6 it depends only on their 
ratio q = y/Sa/b. It is sufficient to analyze the Wilson loop in the two limiting cases g = 
and q = 00: (i) a = 0, 6 7^ 0, i.e. D3-brane on generalized conifold (|2.13|) , (|3.6| ), and 
(ii) a 7^ 0, 6 = 0, i.e. D3-brane on "standard" resolved conifold ( p.l5[ ). In both special 
cases the scale of the transverse space (6 or a) determines the confinement scale. The 
behavior of the Wilson loop for general values of q will be similar, given that the behavior 
of h is generic. Let us emphasize that in contrast to other supergravity solutions dual 



to confining Af=l gauge theories |3^, IC, 18 1, this confinement behavior is found for the 



pure D3-brane background which does not have any non-trivial 3-form fluxes. 
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5.1 General set-up 

All examples we have discussed above have metrics of the type 

ds^ = h^^''^{p){-dxl + dxkdxk) + h^''^{p)[K'^{p)dp^ + dsl] , (5.1) 

where ds\ is the metric of the corresponding 5-d compact space. The Nambu-Goto string 
action which determines the expression for the Wilson loop depends on this 10-d metric 



Gmn as / drda^J — det{GMNdaX^^dbX^). In the static gauge {xq = r, xi = x = a) and 
assuming that the string is stretched only in the radial direction, i.e. only p coordinate 
depends on a, we get 

S = tJ dx^GooG,, + GooG'pp(9,.p)2 = tJ dx^h-^ + n-^d^pf . (5.2) 

Since the Lagrangian of this "mechanical system" does not depend explicitly on "time" 
x, we have a conserved quantity , _ ^ ^ , i.e. the first integral is (cq = const) 

dx = I ^ . (5.3) 

The energy of a static string configuration is thus 

E=|= [dx^h'^ + K~^{d..py= / , /\ ■ (5.4) 
T J ' J (1 - clh) 

Following the question about confinement is then reduced to finding the depen- 

dence of the energy E on the distance £ between the string end-points (between "quark" 
and the "antiquark"). 



5.2 Conifold case 

For the generalized conifold metric with the scale h ( P^.13| ),( P.14| ) the function h of D3-brane 
solution is given by ( p.6|) . Introducing the new coordinate 

y = p" = ^^^ (5-5) 

and removing the asymptotically flat region (i.e. dropping ho) we obtain the following 
relation for the quark-antiquark separation 

, _y f{y) /e-^N 



2 V2hl V¥^^f{y^)-f{y) ' 



12 



T is the time interval and the string tension is set equal to 1. 
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where is the turning point and 



1 



TT 

2 



6 



fiy*) 



(5.7) 



Note that for any finite value of /(y*) one has y^, > 1, meaning that the minimal surface 
does not reach the p = b which is the horizon and the curvature singularity. The energy 
of the string configuration is 



E 



63 



ydy 



(5.8) 



Evaluating the integrals as in i.e. assuming that the main contribution comes from 
the region near y^,, we find the "area law", i.e. the linear confinement behavior 



(5.9) 



5.3 Resolved conifold case 



Let us first consider the "standard" 6 = version of the D3-brane solution on resolved 
conifold i.e. (|3.15|) . Introducing the new coordinate 



y 



PL 

9a2 



and setting /iq = we get 
2L^ 



h 



-J{y) 



81a4' 

Then the analog of ( pl6| ) is 



f(y)^y-^-\n{l + y-') 



y + 



(5.10) 



(5.11) 



dy 



y + 



f{y) 



2 3v^a/ y'"\y + lJf{y^)-f{y) 



(5.12) 



where f{y*) = ^j^- We have used that from the form of the denominator in the analogue 
of eq. ( p.3| ) (cf. ( |5.12| )) it follows that there is a turning point for i.e. y changes from 
oo (p = oo) to y*. Note that f{y) is a positive function and it increases monotonically 
from zero at ?/ = oo. Therefore, for any positive constant there is y = y^, that solves 
dl = y-^-\nil + y-^). 

Similar behavior is found when we switch on the 6-parameter, i.e. start with n and 
h given in ( |2.16|) and (|3.9|) . Thus the minimal surface does not reach the curvature 
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singularity located at po- Q The expression for the energy is (for 6 = 0) 



27a^ r dy 

Assuming that the main contribution comes from the region near and expanding f{y) k, 
f (y*) + f (y*) {y ~ y*) we again get the area law behavior, i.e. the relation (|5.9|). Analogous 
result is found when one switches on the dependence of the background metric on the 
parameter b. 



y + 



y + ^J.fiy.)-.fiy) 



(5.13) 
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